Assignment 1. Solutions.
Problems. January 6.

1. Sec. 11.1, #10. a1 = =2, ap1 = ;3%. Write out the first ten terms of
the sequence.

Solution.
_ _ 2 _ 2 _ 2 _ 2 _ 2 _ 2
ap = =2, ag = =5, 043 = —3, 04 = —%, G5 = —5, U6 = —5, A7 = —7,
__2 _ 2 _ 3
ag = —g, @9 = —g, Q10 = —15-

2. Sec. 11.1, #12. ay = 2, ay = —1, apyo = 2. Write out the first ten
terms of the sequence.

Solution.
1 1
CL1:2,CL2:—1,CL3:—§,CL4:5,CL5:—1,CL6:—2,CL7:2,CL8:—17
1 1
a9 = —3, @10 = 3-

3. Sec. 11.1, #16. Find a formula for the nth term of the sequence

11 1 1
4797 16725
(Reciprocals of squares of the positive integers with alternating signs).

Solution.

1
ap = (—1)”71$, n 2 1.

4. Sec. 11.1, #20. Find a formula for the nth term of the sequence
2,6,10,14,18, ...

(Every other even positive integer).

Solution.
a, =4n—2, n>1.

Problems. January 8.



1. Sec. 11.1, #28. Find the limit if it exists.

n+3

a, = ———
n?4+5n+6

Solution.

_|_

lim ntsd lim

1,3

2
= lim " =,
n—oon? +bn+6 n—ocol4 245

2. Sec. 11.1, #50. Find the limit if it exists.
(-3)
ap=|(1——
n

1\" 1
lim (1 — —) = lim e"ln(l*ﬁ)

n—oo n n—oo

Solution.

The following limit can be computed using I’'Hopital’s rule.
1 In(1-1 % —1
lim nln (1 — — :limgzlim 21 /(—)
n—00 n n—00 - n—oo (1 — ﬁ) n?

-1
= lim
n—oo | —

-

Therefore, the limit of a,, equals e™!.

3. Sec. 11.1, #74. Find the limit if it exists.
( 1)
a,=n|1—cos—
n

We will apply I’'Hopital’s rule.

— 1
lim n <1 —cosl> = lim w

1
n—00 n n—00 =

n

Solution.

) ;—21 sin % ) )
= lim —— = lim sin — = 0.

n—o0 - n—oo n




4. Sec. 11.1, #82. Find the limit if it exists.
1 1

ViZ—1 ViZ+n

an =

Solution.

lim 1 1 _ lim vn2+n—+vn2—-1

n—00 \/n2—1 Vn2+n noe n?2—1vn?2+n

. (Vr?+n—vn?2—1) (VR +n+vn?—1)
n—oo \/n2 —1vn?+n (V2 +n+Vn?—1)

(n?4+n)— (n*—1)

= lim
n—o0 \/n2 —1vn? +n (Vn? + n+vn? — 1)
n+1
= lim
n—oo \/n? — 1v/n? +n (Vn?+n+vVn? — 1)
1,
= +
= lim BT = 0.

Problems. January 11.

1. Determine if the sequence is nondecreasing and if it is bounded from
above.

_ 2n—1
anin—i—l'
Solution.
2n—1 2n+2-3 2n+2 3 3
tn = n+tl  n+tl  n+l n+l ° nxl

The sequence is bounded from above since a,, < 2 for all n.

To show that it is nondecreasing, we observe that

1 1
> )
n+1"n+2
and therefore
3 3
n:2_ 2 — n+1,
“ n+1— n+2 1

1.e.



2. Write out the first few terms of the series to show how the series starts.
If the series converges, find its sum.

> n3n+1
n=0
Solution.
o0 3n+1 32 33 34
1) —3_2 42 _°2
nz:%( ) 5 5 * 52 53 *
This is a geometric series with r = —3/5. Since |r| < 1, the series
converges and its sum equals
a 3 15

1—r 1—(=3/5) 8

3. Express the number 1.23 = 1.23232323... as the ratio of two integers.

Solution.
Note that
_ 23 23 23 >
1.23 =1.23232323... = 1+—
+100+1000O+1000OOO +Z 100

The series Y, (100) is a geometric series whose first term is 23/100
and the ratio is 1/100. Therefore,

i 23 23/100 23
£=(100)"  1-1/100 99
and
1.23 = 1.23232323... 1+23—122
I 799 997

4. Find the values of x for which the geometric series

[e.9]

Sy

n=1



converges. Also, find the sum of the series (as a function of x) for those
values of x.

Solution.
- o 2 22 23
)yt Z 2 .
;( ) m x 2P * 3
This is a geometric series with a = 2/x and r = —2/x. It is convergent

when |r| < 1, that is 2/|z| < 1, i.e. |z| > 2. In the interval notation,
r € (—00,—2) U (2,00). For these values of x the sum of the series
equals
2/x 2
1—(=2/z) x+2

Problems. January 13.

. Test the series for convergence or divergence
) ! ( 1 )
Z nsin | — | .
n=1 n
Solution.
We will use the n-th term test for divergence.
1

1 in (= i
lim nsin (—) = lim w = limw =1.

n—oo n n—oo 1 z—0
n

Since lim,, . a, # 0, the series is divergent.

. Test the series for convergence or divergence
< 1\
> ()"
Solution.

We will use the n-th term test for divergence.

1
. 1\ v . (L . _lnn
lim (— = lim ev» n(%) = lim e V7.

n—00 n n—oo n—oo



By I’Hopital’s rule,

1 1 2
i 27 g M g 2,

woe i e 1(2y/m) | noee v/

1
1\ v»
lim (—) = =1.
n—oo \ N

Since this limit is not equal to zero, the series is divergent.

Therefore,

. Test the series for convergence or divergence
= n+1
Z In .

n -+ 2

n=1

Solution.

This is a telescoping series, since the n-th partial sum equals

m2 S ame o " L
Sp=In-4+In-+In-+---+1In n
3 Ty Ty ntl  ht2

= In2—-In3+In3—-In4+In4—In5+- - -+Inn—In(n+1)+In(n+1)—In(n+2)
=In2 —In(n + 2).
We have
lim s, = lim (In2 — In(n + 2)) = —o0.

n—oo n—oo

The latter is not a finite number, therefore the series diverges.

. Use the integral test to determine whether the series

e}

n
Zn2+1

n=1

converges or diverges.

Solution. Consider the function




This function is positive and continuous for x > 1. We need to check
that it is decreasing.
2’41227 1 — a2

f/(ZL‘) - (1'2 n 1)2 = (ZEQ + 1)2 < Oa

if x > 1. Therefore, f is decreasing on the interval (1, c0).

Now we can apply the integral test.

< x 1 0
dr = —In(z?> +1)] = 0.
/13:2+1x p @™+ 1) =00

Since this integral is divergent, the original series is also divergent.

Problems. January 15.

. Use the integral test to determine whether the series is convergent or

divergent
n

o0 _ . —
e "gsine
Z cose "
n=1
Solution.

Consider the function

e “sine™®

fla) = ————

We need to check whether this function is positive, continuous and
decreasing.

Since # > 1, it follows that e < e™! =~ 0.37 < 7/2. Therefore
cose™* does not vanish for x > 1, and f(x) is continuous for x > 1.
Furthermore, f(x) > 0 for these values of z.

cose~*

To see that f is decreasing, one can show that f’ < 0. Alternatively,
we can see that e™” is a decreasing function, sine™" is also decreasing.
cose”” is increasing, therefore —1— is decreasing. It follows that f is

cose~ %

a decreasing function, as it is a product of decreasing functions.

Since all the conditions of the integral test are satisfied, we will compute
the integral

00— o} —x 0
e *sine B B sin u
/ —dx:[u:ex, du:—exdx}:—/ du
1 1

cose™* Je COSU




1/e o: 1/e
— / Y = —Incosu| = —In cos(1/e)+Incos 0 = —Incos(1/e).
0 Cosu 0

The latter is a finite number, therefore the integral is convergent, and,
by the integral test, the series is also convergent.

. Use the integral test to determine whether the series is convergent or

divergent
[e.e]

1
Zg n-Inn-ln(lnn)’

Solution.
Consider the function

1

x-Inz-In(lnz)

fz) =

If z > 3, then Inx > 1, and therefore In(Inz) > 0. Thus f(z) is positive
and continuous on the interval (3, 00). It is a decreasing function, since
the denominator is a product of increasing functions. Alternatively,
one can show that f’ < 0.

Since all the assumptions of the integral test are satisfied, we look at
the integral

o dx dx < du
=|lu=Inhz,du=—|=
3 x-lnz-In(lnx) x 3 U Inw

:{v:lnx,dv:@]:/ @:111?)
z In(ln3) Y

Since the latter integral is divergent, the series is also divergent, by the
integral test.

0
= OQ.
In(In3)

. Test the series for convergence or divergence

o

Z arctann
— =

el n< + \/ﬁ

Solution.



This is a series with positive terms, and we will use the comparison

test.
arctann /2 /2

< .
n?4+/n ~ n?4+/n " n?

Since > 7, ”n—/f is convergent as a p-series with p = 2 > 1, it follows
that the original series is also convergent.

. Test the series for convergence or divergence
f: 44 cosn
2n—1 "
n=1
Solution.

This is a series with positive terms, and we will use the comparison
test. Since cosn > —1, we have

on—1 —2n—1 " 2n’

4—|—cosn> 4—1 S 3

The series %ZZ‘;I % is the harmonic series, and, therefore, divergent.

Hence the original series is also divergent.
Problems. January 18.
. Test the series for convergence or divergence

o2n? + 4n

;m'

Solution.

We will us the limit comparison test. Let

2n? + 4n
Uy = ————
vVnb +2n—3
and take
b — n? 1



Then

. , 2n? 4 4n 2n3 4 4n?
lim — = 1i n lim
n—oo b,  n—004/nb 4 2n — 3 n—oo 4/mb 4+ 2n — 3
242
lim L =2

The latter is a nonzero finite number. By the limit comparison test,
either both > >°  a, and > 7 b, converge, or both diverge. But

is the divergent harmonic series. Therefore, the original series is also
divergent.

. Test the series for convergence or divergence

o nl/3

Solution.

We will use the comparison test

Inn In2
ni/3 > ni/3"

Since Inn > In 2 for all n > 2, we have

Yo 71;11—/23 is a divergent p-series, p = 1/3 < 1. Therefore, by the
comparison test, the original series is divergent.

. Test the series for convergence or divergence

o0 {L/ﬁ
P
n=1

Solution.

We will use the limit comparison test. Let

and b, = —.
n3 n3




Consider the limit

. a . Vag .
lim — = lim \/_-n3: lim {/n=1.
n—0oo Oy n—oo ’)’LS n—oo

The latter is a nonzero finite number. By the limit comparison test,
either both >~ a, and > 7 b, converge, or both diverge. But

oo o0 1

is convergent, as a p-series with p = 3 > 1. Therefore, the original
series is also convergent.

. Test the series for convergence or divergence
oo

>
c~ m"(n+1)!

Solution.

We will use the ratio test.

. Qpgr . vn+1 7"(n+1)! . n+1 7 (n+1)!
lim = lim = lim
n—oo  Qy, n—oo "t (n 4+ 2)!  \/n n—oo mw(n+ )(n+2) /n

) n+1 1
= lim =0.
n—o0 n 7w(n+2)

Since the limit is less than 1, the series is convergent by the ratio test.
Problems. January 20.
. Test the series for convergence or divergence

=L (3n)!
Z 3 (nl)3’

n=1

Solution.

We will use the ratio test.



i % i (Bn+3)!  3"(n!)?
n—oo n—oo 3”+1((n + 1)!)3 (371)!
~ lim (3n)!(3n +1)(3n + 2)(3n + 3) 3"(n!)?
 nooo 3n3(nl(n+1))3 (3n)!
— lim (3n+1)(3n+2)(3n + 3)
 n—oo 3(n+1)3
B B+1)(B+2)(3+32)
R 3(1+1)3

By the ratio test the series is divergent.

=9>1

. Test the series for convergence or divergence

=, (Inn)?"
$~

n=1

Solution.

We will use the root test.
(Inn)?

lim a, = lim = 00,
n—00 n—00 {L/ﬁ

since Inn — oo and ¥/n — 1, as n — oo.

By the root test, the series is divergent.

. Test the series for convergence or divergence
0o n?

2
>(1-2)
n=1 n
Solution.

We will use the root test.

2 n
lim {/a, = lim (1 — —) = lim e"ln(l_%)
n

n—oo n—o0 n—oo



Applying I’'Hopital’s rule we see that

In(1- 2 2 _
lim nln 1—z :limM:lim n / —1
—2
- nh—>nc}o 1-2 —2.
Therefore,

lim {/a, =e %< 1.

n—od
By the root test, the series is convergent.
4. Test the series for convergence or divergence

0 (_1)n—1n2

2t

n=1

Solution.
In order to use the alternating series test, we need to check whether
2

the sequence u, = .55 is increasing and has limit zero.

2 1
n

lim =1
n—oo N3 + 1 n—>oo]_—|—n—13

To show that u,, is decreasing, we will consider the function

Then

g 2x(®+1) =32t 20 -2t x(2- 2P
f (I) o (m3 + 1)2 o (x3 + 1)2 - (xs + 1)2 )

The latter is negative, if 2 — 2 < 0, that is z > /2. Therefore u,, is

decreasing for n > 2.
By the alternating series test, the series is convergent.

Problems. January 22.



1. Test the series for absolute convergence, conditional convergence or

divergence
- 1
-1 n-1__ - ]
Z< ) n(lnn)?

n=2

Solution.

Let us test the series for absolute convergence. Consider the series

[e.e]

1
“~ n(lnn)*
Here we can apply the integral test, since f(z) = w(le)z is positive,

continuous and decreasing for x > 2. Thus we need to compute

° 1 d <1 1 o0 1
/ ——dx = u:lnx,du:—x :/ —du = —— = —.
5 x(lnz)? x na U2 wlmz  In2

Since the latter integral is convergent, the series >~ m is also

convergent, according to the integral test. This means that the original
series is absolutely convergent.

2. Test the series for absolute convergence, conditional convergence or

divergence
1
-1 n—1 ]
Z( ) nlnn

n=2

Solution.

Let us first test the series for absolute convergence. Consider

o0

1
E;nlnn'

For this series we can use the integral test, since the function f(z) =

xﬁm is positive, continuous and decreasing for x > 2. We have

/ 1 dx:{u:lnx,du:d—x]:/ ldu:lnuoozoo.
2 1

rlnzx x no U In2

Since the latter integral is divergent, the series > -, ﬁ is also diver-

gent, according to the integral test. This means that the original series
is not absolutely convergent.



On the other hand, the original series is convergent, according to the
alternating series test. This follows from the fact that the sequence

L_ js decreasing and has limit zero.
nlnn

Up =
Since the original series is convergent, but not absolutely convergent,
it is conditionally convergent.

. Test the series for absolute convergence, conditional convergence or
divergence

Solution.

Observe that )
lim =1
n—oo | + e "

Therefore, for odd n, the terms of (—1)"! 1+i,n will tend to 1, and for

even n, they will tend to -1. Thus the limit of (—1)""! 1+ifn does not

exist. By the n-th term test for divergence, the series is divergent.

. Given -
>
= n?+1
Check the hypotheses of the Alternating Series Test. How many terms

of the series do we need to add in order to approximate the sum of the
series to within 0.017

Solution.
Consider ]
Uy = )
n?+1
This sequence is decreasing, since
1 1

Up, = Up+1,

= >
n?+1 " (n+1)22+1
and

) 1
lim =
n—oo n? + 1




Therefore the hypotheses of the alternating series theorem are satisfied,
and thus, the series is convergent.

In order to approximate the sum of the series to within 0.01, we need
to find n such that u,.; < 0.01. We have

— < 0.01
(n+1)2+1 = ’

100 < (n+1)*+ 1,
99 < (n+1)?,
\/@<n+1,
n>+v99 —1.

Therefore n = 9 is sufficient to achieve the given accuracy.
Problems. January 25.

For the given power series, find the radius of convergence and interval of

convergence.
1. .
:L.TL
_1 n—1
;( ) (n+1)3"
Solution.

We will use the ratio test.

n+1 n 1
R At VN 2 GRS VI

n—oo (n42)3"t1  |z[r nme (n+2)3 3

The series converges if the latter limit is less than 1. That is,
|z] < 3,

which means that z € (—3,3). Thus, the radius of convergence equals
R =3.

Now test the endpoints of the interval (—3, 3).



If x = —3, then the series becomes

i(_mnl (_3>n _ = 1

- (n+1)3" —~n+ 1

The latter is the harmonic series (one can see this after changing the
index of summation k£ = n + 1). Thus, divergent.

If x = 3, then the series becomes
—1)r 1 —
S - G
The latter is the alternating harmonic series. It converges by the alter-

nating series test.

Thus, the interval of convergence of the original power series is (—3, 3],
which means that —3 < x < 3.

(x+1)"
2

Solution.

We will use the ratio test.

lim |z + 1"t 2n/n _ im [z +1yn _ |z +1] i " |z 41
n—oo 20ty /n Tz + 1" n—oo 2y/n4 1 2 noeeYnAl 2

The series converges if the latter limit is less than 1. That is,
|z + 1| <2,
which means that
—2<r+1<2,
—JI<r<l,
€ (—3,1).
Thus, the radius of convergence equals R = 2.

Now test the endpoints of the interval (—3,1).



If x = —3, then the series becomes

(2" o~ (=D
2271 _Z \/ﬁ

n=1 n=1

3

B

The latter is an alternating series. Since u,, = \/Lﬁ is decreasing and has
limit zero, the series converges by the alternating series test.

If x = 1, then the series becomes

v P v

The latter is a p-series with p = 1/2 < 1. Thus, divergent.

So, the interval of convergence of the original power series is [—3, 1),
which means that —3 <z < 1.

e 32n—1($ - 2)71

vt n!
Solution.
We will use the ratio test.
. 3l — 2|t n! . 9z —2|
T T e s it iy R

for all real z. Since the limit is less than 1 for all real z, it means that the
series is convergent for all real x. Therefore, the radius of convergence
is R = 0o, and the interval of convergence is R = (—00, 00).

=, (2n)!(2z + 3)"
Zl< o+ 3

Solution.
We will use the ratio test.

. (2n+2)!]22 + 3! nh"
lim
n—o0 (n 4 1)5n+t (2n)!(2z 4 3)"




(2n)!(2n + 1)(2n + 2)|2z + 3| nb"

= 1
noo (n+ 1)5m+ (2n)!12z + 3|
— lim (2n+1)(2n + 2)n|2z + 3|
n—00 5(n+1)
2 1)(2 2
1 G| C ) ML
If 2z +3 = 0, that is * = —3/2, then the latter expression is zero.

Therefore, the limit is also zero. Since it is less than 1, the series is
convergent at z = —3/2.
If 2243 # 0, then the limit equals co. This means that for all x # —3/2

the series is divergent. Thus the radius of convergence is R = 0, and
the series converges only at one point z = —3/2.



